We demonstrate a possibility to stabilize three-dimensional spatiotemporal solitons (''light bullets'') in self-focusing Kerr media by means of a combination of dispersion management in the longitudinal direction (with the group-velocity dispersion alternating between positive and negative values) and periodic modulation of the refractive index in one transverse direction (out of the two). Assuming the usual model based on the paraxial nonlinear Schrö dinger equation for the local amplitude of the electromagnetic field, the analysis relies upon the variational approximation (results of direct three-dimensional simulations will be reported in a follow-up). A predicted stability area is identified in the modelÕs parameter space. It features a minimum of the necessary strength of the transverse modulation of the refractive index, and finite minimum and maximum values of the solitonÕs energy. The former feature is also explained analytically.
Introduction
Search for spatiotemporal solitons in optical media, called ''light bullets'' (LBs) [1] , is a challenge to fundamental and applied research in nonlinear optics, see [2] [3] [4] [5] [6] [7] [8] [9] [10] and a recent review [11] . Stationary solutions for LBs can be easily found in the cubic (v (3) ) multi-dimensional nonlinear Schrö dinger (NLS) equation [1] , which is a well-known asymptotic model governing the slow evolution of the local amplitude of the electromagnetic field in the paraxial approximation [11] , but they are unstable against spatiotemporal collapse [12] . The problem may be avoided by introducing milder nonlinearities, such as saturable [9] , cubic-quintic [13] , or quadratic (v (2) ) [2] [3] [4] [5] [6] [7] [8] .
Despite considerable progress in theoretical studies, three-dimensional (3D) LBs in a bulk medium have not yet been observed in an experiment. The only successful experimental finding reported thus far was stable quasi-2D spatiotemporal soliton in v (2) crystals [7] [the tiltedwavefront technique [14] , used in that work to induce strong artificial group-velocity dispersion (GVD), precluded achieving self-confinement in one transverse direction]. On the other hand, it was predicted [8] that a spatial cylindrical soliton may be stabilized in a bulk medium composed of layers with alternating signs of the Kerr coefficient. A similar stabilization mechanism was then predicted for 2D solitons in Bose-Einstein condensates (BECs), with the coefficient in front of the cubic nonlinear term subjected to periodic modulation in time via the Feshbach resonance in an external ac magnetic field [15, 16] . However, no stable 3D soliton could be predicted in either realization of this setting (optical or BEC).
Serious difficulties encountered in the experimental search for LBs in 3D media is an incentive to look for alternative physically meaningful settings admitting stable 3D optical solitons. With the Kerr nonlinearity, a possibility is to use a layered structure that periodically reverses the sign of the local group-velocity dispersion (GVD), without affecting the v (3) coefficient. This resembles a well-known scheme in fiber optics, known as dispersion management (DM), see, e.g. [17] and a review [18] . A 2D generalization of the DM scheme was recently proposed, assuming a layered planar waveguide of this type, uniform in the transverse direction [19, 20] . As a result, large stability regions for the 2D spatiotemporal solitons were identified, some of them being double-peaked breathers. However, a 3D version of the same model could not give rise to any stable soliton [19] . It was also shown in [19] that no stable 3D soliton could be found in a more sophisticated model, which combines the DM and periodic modulation of the Kerr coefficient in the longitudinal direction.
Another approach to the stabilization of multidimensional solitons was developed in the context of the self-attracting BEC. It is based on the corresponding Gross-Pitaevskii equation which includes a periodic potential created by an optical lattice (OL, i.e., an interference pattern produced by illuminating the condensate by counter-propagating coherent laser beams). It has been demonstrated that 2D [21] [22] [23] and 3D [21] solitons can be stabilized by the OL of the same dimension. Moreover, stable solitons can also be readily supported by low-dimensional OLs, i.e., 1D and 2D ones in the 2D [23, 24] and 3D [23] [24] [25] cases, respectively; additionally, a 3D soliton can be stabilized by a cylindrical (Bessel) lattice [26] , similar to one introduced, in the context of 2D models, in [27] . On the other hand, it was found that 3D solitons cannot be stabilized by a 1D periodic potential [24] ; however, the 1D lattice potential in combination with the above-mentioned time-periodic modulation of the nonlinearity, provided by the Feshbach resonance in the ac magnetic field, supports single-and multi-peaked stable 3D solitons in vast areas of the corresponding parameter space [28] .
The above results suggest a possibility of the existence of stable 3D ''bullets'' in a v (3) medium with the DM in the longitudinal direction (z), to which an effective lattice potential (i.e., periodic modulation of the refractive index) in one transverse direction (y) is added, while in the remaining transverse direction (x) the medium remains uniform. If this is possible, stable LBs will be possible too in a medium with the periodic modulation of the refractive index in both transverse directions, or with a cylindrical lattice in the (x, y) plane; however, the setting with one uniform direction is more interesting as it gives a natural possibility to steer solitons and study collisions between them [23, 24] . The objective of the present work is to predict 3D spatiotemporal solitons in such a setting (longitudinal DM and the lattice in one transverse direction) and investigate their stability. Our first consideration of this possibility is based on the variational approximation (VA). Simulations of the 3D model are technically demanding, and will be presented in a follow-up work.
Virtually all the basic predictions of the VA concerning the existence and stability of 1D and 2D solitons have been corroborated by numerical results [18] . As concerns the 3D situation, solitons in the Gross-Pitaevskii equation with the quasi-2D periodic potential, which were originally predicted by the VA [23, 24] , were definitely confirmed by direct simulations [23] [24] [25] . These results lend credit to the method, and suggest that 3D solitons predicted by the VA in the present model may be stable too. Of course, the applicability of the VA to the onset and development of collapse, in the case when the 3D solitons become unstable, may be problematic (although the variational approach produces quite an accurate prediction for the asymptotic regime of the collapse [29] , see below); in any case, the subject of the present work is not analysis of the collapse, but the consideration of solitons sufficiently deep in their stability region.
The model is based on the normalized NLS equation describing the evolution of the local amplitude u of the electromagnetic wave, which is an extension of the 2D model put forward in [19] i
Here, e is the strength of the transverse modulation (the modulation period is normalized to be p), while s and D(z) are the same reduced temporal variable and local GVD coefficient as in the fiber-optic DM models [17, 18] , and the transverse coordinates x, y were introduced above.
In absolute units, the amplitude of the refractive index modulation is supposed to be no more than 10 À3 of the average value of the index. Eq. (1) can be derived from the underlying MaxwellÕs equations was elaborated in a number of earlier works [31] [32] [33] 11] . The derivation assumes that the linearly polarized transverse electromagnetic field propagating along the z axis is u(z,x,y,s) exp (ikz À ixt) + c.c., where k 2p/k and x are the wavenumber and frequency of the carrier wave, and the (usual) assumptions are that the characteristic scales T and X of the variation of the amplitude function u in s and x, y are much larger than, respectively, 2p/x and k (note that, as shown below, X is on the same order of magnitude as the transversemodulation period of the refractive index, which is defined to be p in Eq. (1)). The conditions T ) 2p/x and X ) k allow one to neglect higher-order GVD terms in Eq. (1) (previous considerations have demonstrated that the higher-order dispersion, treated as a perturbation, does not drastically alter DM solitons [30] ), and use the paraxial approximation. A range of values of T and X relevant to real experiments is in a ballpark of T $ 200 fs and X J 50 lm [11] , therefore, the conditions are well satisfied (recall that typical experimentally relevant values of the optical frequency and wavelength are 200 THz and 1 lm).
The zero-divergence equation for the induction of the electric field yields a straightforward estimate for the size of a small longitudinal component of the field, which is $ ðkX Þ À1 K 1=300, for the above-mentioned values. As for the orientation of the linear polarization, it may be both x and y (in any case, the weak modulation of the refractive index on the scale of X J 50k cannot give rise to depolarization of the field). A more general situation may be described by a two-component (vectorial) version of Eq. (1) for two polarizations coupled by the cubic cross-phase-modulation terms. While detailed consideration of the vectorial model is beyond the scope of the present work, we do not expect qualitative changes in the stability region for the 3D solitons reported below for the scalar model.
As is commonly adopted, we assume a symmetric DM map in Eq. (1), with equal lengths L of the normal-and anomalous-GVD segments (usually, the results are not sensitive to the mapÕs asymmetry),
the average dispersion being much smaller than the modulation amplitude, jDj ( D m . Using the scaling invariances of Eq. (1), we fix L 1 and D m 1.
Recently, a somewhat similar 2D model was introduced in [34] . That model does not include the transverse lattice, and the variable coefficient D(z) multiplies both the GVD and diffraction terms, u ss and u xx . Actually, that model was motivated by a continuum limit of some discrete systems. In the present context, it would be quite difficult to implement the periodic reversal of the sign of the transverse diffraction.
The variational approximation
Aiming to apply the VA for the search of LB solutions (a review of the variational method can be found in [18] , see also review [11] ), we adopt the Gaussian ansatz,
where A and / are the amplitude and phase of the soliton, T and W,V are its temporal and two transverse spatial widths, and b and b,c are respective chirps. The Lagrangian from which Eq. (1) can be derived as
The substitution of the ansatz (3) in this expression and integrations lead to an effective Lagrangian, with the prime standing for d/dz
The first variational equation, dL eff /d/ = 0 yields energy conservation, dE/dz = 0, with
The conservation of E is used to eliminate A 2 from the set of subsequent equations, dL eff /d(W,V,T,b,c,b) = 0. They can be arranged so as, first, to eliminate the chirps,
the remaining equations for the spatial and temporal widths being:
The Hamiltonian of these equations, which is a dynamical invariant in the case of constant D, is
WVT .
In the case of the piecewise constant modulation, such as in (2), the variables W, W 0 , V, V 0 , T and b must be continuous at junctions between the segments with D AE D AE D m . As it follows from Eq. (7), the continuity of the temporal chirp b(z) implies a jump of the derivative T 0 when passing from D À to D + , or vice versa
For a continuous DM map, rather than (2), Eq. (10) has a formal singularity at the points where D(z) vanishes, changing its sign. However, it is known that there is no real singularity in this case, as T 0 vanishes at the same points [18] .
In the absence of the DM and transverse modulation, i.e., D +1 and e = 0, three Eqs. (8)-(10) reduce to one, which is tantamount to the variational equation derived in [29] from the spatiotemporally isotropic ansatz (cf. Eq. (3) ), u = A exp[i/ À (1/2)(W À2 + ib)(x 2 + y 2 + s 2 )]. In particular, this single equation correctly predicts the asymptotic law of the strong collapse in the 3D case, which is confirmed by rigorous considerations (see, e.g. [35] ) and is stable against anisotropic perturbations [36] ,
ffiffi ffi 2 p Þ 1=5 ðz 0 À zÞ 2=5 , z = z 0 being the collapse point, the location of which is determined by initial conditions. Another possible collapse scenario (also for D = +1) is an effectively two-dimensional (weak) one, with two widths shrinking to zero as z 0 À z ! 0, while the third one remains finite. The corresponding asymptotic law may be
where A is a positive constant, or else V = 2/T $ (z 0 À z) 1/2 and W ! W 0 (in this case too, the collapse point z 0 is determined by initial conditions). In direct simulations of Eqs. (8)-(10), we actually only observed the latter scenario. However, we did not specially try to find initial conditions that could initiate a solution corresponding to the strong 3D collapse, because (as said above) our objective is not to study the collapse, but rather search for solitons stable against collapse. If the DM is absent, and the constant GVD is normal, i.e., D À1, only the 2D collapse in the transverse plane might be possible, so that (cf. Eq. (12))
Actually, we did not observe this collapse scenario in our simulations, but we did not try to find it, as explained above.
A possibility of the stabilization of the 3D soliton by a sufficiently strong lattice can be understood noticing that, for large e, one may keep only the first two terms on the right-hand side of Eq. (9). This approximation yields a nearly constant value V 0 of V, which is a smaller root of the corresponding equation,
(a larger root corresponds to an unstable equilibrium). The two roots exist provided that e > e min ¼ e 2 =16 % 0:46; ð14Þ the relevant one being limited by V 0 < 2. Then, the substitution of V = V 0 in the remaining Eqs. (8) and (10) leads to essentially the same VA-generated dynamical system as derived for the 2D DM model in [19] , which was shown to give rise to stable spatiotemporal solitons. On the other hand, it was demonstrated in [19] that, in the case of e = 0, the 3D VA equations, as well as the full underlying 3D model, have no stable soliton solutions. The stabilization of the LB in the present model for large e can also be understood in a different way, without resorting to the VA. In a very strong lattice, the soliton is trapped entirely in a single ''valley'' of the periodic potential, and the problem thus reduces to a nearly 2D one, where spatiotemporal solitons may be stable, cf. a similar stabilization mechanism for the solitons in the Gross-Pitaevskii equations developed in [16] . From this point of view, a really interesting issue is to find an actual minimum e min of the latticeÕs strength which is necessary for the stabilization of the 3D solitons, as at e close enough to e min the stabilized solitons are truly 3D objects, rather than their nearly-2D counterparts.
Results
We explored the parameter space of the variational system (8)-(10), ðE; e; DÞ, by means of direct simulations of the equations (with regard to the jump condition (11) ). As a result, it was possible to identify regions where the model admits stable solitons featuring regular oscillations in z with the DM-map period. An example of such a regime is shown in Fig. 1 (oscillations in the evolution of W are not visible in the figure because, as an estimate demonstrates, their amplitude is '0.001).
Systematic results obtained from the simulations are summarized in stability diagrams displayed in Figs. 2 and 3. A remarkable fact, apparent in Fig. 2 , is that the minimum Fig. 1 . An example of the stable evolution of solutions to the variational Eqs. (8)- (10) . The solitonÕs widths in the direction x, y and s, i.e., W,V and T, are shown as functions of z, for E = 0.5, e = 1, and D ¼ 0. Fig. 2 . The stability area for the 3D spatiotemporal solitons in the (E,e) plane, with D ¼ 0, is shown by light-gray shading. In gray and dark-gray regions, the 3D soliton is predicted, respectively, to spread out and collapse. The horizontal line corresponds to the analytically predicted threshold (14) . value of the latticeÕs strength, e min = 0.46, at which the solitons may be stable, coincides with the analytical prediction (14) , up to the available numerical accuracy.
The existence of a maximum value E max of the energy admitting the stable LBs is, essentially, a quasi-2D feature. It can be understood assuming that the potential lattice is strong. Indeed, as explained above, in such a case the value of V is approximately fixed as the smaller root of Eq. (13) . Within a segment (of the variable z) where the GVD coefficient keeps the constant value, D þ ¼ D þ D m > 0, which corresponds to anomalous dispersion (see Eq. (2)), the remaining Eqs. (8) and (10) are tantamount to those for a uniform 2D Kerr-self-focusing medium, hence the energy is limited by the value E max corresponding to the Townes soliton; the soliton will collapse if E > E max [12] .
The fact that the region of stable solitons is also limited by a minimum energy, E min , except for the case of D ¼ 0, when E min = 0 (see Fig. 3 ), is actually a quasi-1D feature, which is characteristic to the DM solitons in optical fibers. In that case, the term $E in the evolution equation for T(z), cf. Eq. (10), is necessary to balance the average GVD coefficient D, so that E min and D vanish simultaneously [17] . It is noteworthy too that, as well as in the case of the 1D DM solitons in fibers, the stability area in Fig. 3 includes a part with normal average GVD, D < 0, which seems counter-intuitive, but can be explained [17] . This part extends in Fig. 3 up to ðÀDÞ max % 0:005.
Conclusions
In this work, we have proposed a possibility to stabilize spatiotemporal solitons (''light bullets'') in three-dimensional self-focusing Kerr media by means of the dispersion management (DM), which means that the local groupvelocity dispersion coefficient alternates between positive and negative values along the propagation direction, z. The model is based on the scalar equation of the NLS type, which can be derived in the paraxial approximation for the slowly varying amplitude of a linearly polarized electromagnetic wave. Recently, it was shown that the DM alone can stabilize solitons in 2D (planar) waveguides, but in the bulk (3D) DM medium the ''bullets'' are unstable. In this work, we have demonstrated that the complete stabilization can be provided if the longitudinal DM is combined with periodic modulation of the refractive index in one transverse direction (y), out of the two, with a period which is much larger than the carrierÕs wavelength. The analysis was based on the variational approximation (systematic results of direct simulations will be reported in a follow-up paper). A stability area for the light bullets was identified in the modelÕs parameter space. Its salient features are a necessary minimum strength of the transverse modulation of the refractive index, and minimum and maximum values E min,max of the solitonÕs energy. The former feature can be accurately predicted (see Eq. (14)) in an analytical form from the evolution equation for the width of the soliton in the y-direction. The existence of E min , which vanishes for the zero average dispersion, can be explained in the same way as before for the temporal solitons in DM optical fibers. Also, similar to the case of DM solitons in fibers, we find that the stability area extends into a region of normal average dispersion [17] . On the other hand, the existence of E max can be understood similarly to as in the 2D counterpart of the present model (the strong transverse lattice can squeeze the system to a nearly 2D shape).
The results presented in this work suggest a new approach to the challenging problem of the creation of 3D spatiotemporal optical solitons. The model also opens a way to address further issues, such as collisions between the LBs, and the existence and stability of solitons with different symmetries (for instance, LBs which are odd in the longitudinal and/or transverse directions). These issues will be considered elsewhere.
